We propose the most general modified first-order Hořava-Lifshitz gravity, whose action does not contain time derivatives higher than the second order. The Hamiltonian structure of this theory is studied in all the details in the case of the spatially-flat FRW space-time, demonstrating many of the features of the general theory. It is shown that, with some plausible assumptions, including the projectability of the lapse function, this model is consistent. As a large class of such theories, the modified Hořava-Lifshitz F (R) gravity is introduced. The study of its ultraviolet properties shows that its z = 3 version seems to be renormalizable in the same way as the original Hořava-Lifshitz proposal. The Hamiltonian analysis of the modified Hořava-Lifshitz F (R) gravity shows that it is in general a consistent theory. The F (R) gravity action is also studied in the fixed-gauge form, where the appearance of a scalar field is particularly illustrative. Then the spatially-flat FRW cosmology for this F (R) gravity is investigated. It is shown that a special choice of parameters for this theory leads to the same equations of motion as in the case of traditional F (R) gravity. Nevertheless, the cosmological structure of the modified Hořava-Lifshitz F (R) gravity turns out to be much richer than for its traditional counterpart. The emergence of multiple de Sitter solutions indicates to the possibility of unification of early-time inflation with late-time acceleration within the same model. Power-law F (R) theories are also investigated in detail. It is analytically shown that they have a quite rich cosmological structure: early/late-time cosmic acceleration of quintessence, as well as of phantom types. Also it is demonstrated that all the four known types of finite-time future singularities may occur in the power-law Hořava-Lifshitz F (R) gravity. Finally, a covariant proposal for (renormalizable) F (R) gravity within the Hořava-Lifshitz spirit is presented.
I. INTRODUCTION
Recently, it has become clear that our universe has not only undergone the period of early-time accelerated expansion (inflation), but also is currently in the so-called late-time accelerating epoch (dark energy era). An extremely powerful way to describe the early-time inflation and the late-time acceleration in a unified manner is modified gravity. This approach does not require the introduction of new dark components like inflaton and dark energy. The unified description of inflation and dark energy is achieved by modifying the gravitational action at the very early universe as well as at the very late times (for a review of such models, see [1] ). A number of viable modified gravity theories has been suggested. Despite some indications to possible connection with string/M-theory [2] , such theories remain to be mainly phenomenological. It is a challenge to investigate their origin from some (not yet constructed) fundamental quantum gravity theory.
Among the recent attempts to construct a consistent theory of quantum gravity much attention has been paid to the quite remarkable Hořava-Lifshitz quantum gravity [3] , which appears to be power-counting renormalizable in four dimensions. In this theory the local Lorentz invariance is abandoned, but it is restored as an approximate symmetry at low energies. Despite its partial success as a candidate for fundamental theory of gravity, there are a number of unresolved problems related to the detailed balance and projectability conditions, consistency, its general relativity (GR) limit, realistic cosmological applications, the relation to other modified gravities, etc. Due to the fact that its spatially-flat FRW cosmology [4] is almost the same as in GR, it is difficult to obtain a unified description of the early-time inflation with the late-time acceleration in the standard Hořava-Lifshitz gravity.
Recently the modified Hořava-Lifshitz F (R) gravity has been proposed [5] . Such a modification may be easily related with the traditional modified gravity approach, but turns out to be much richer in terms of the possible cosmological solutions. For instance, the unification of inflation with dark energy seems to be possible in such Hořava-Lifshitz gravity due to the presence of multiple de Sitter solutions. Moreover, on the one hand, there is the hope that the generalization of Hořava-Lifshitz gravity may lead to new classes of renormalizable quantum gravity. On the other hand, one may hope to formulate the dynamical scenario for the Lorentz symmetry violation/restoration, caused by the expansion of the universe, in terms of such generalized theory.
In the present work (section II) we propose the most general modified first-order Hořava-Lifshitz-like theory, without higher derivative terms which are normally responsible for the presence of ghosts. The general form of the action in the spatially-flat FRW space-time is found, and the Hamiltonian structure of the action is analyzed in section III.
As a specific example of such a first-order action we introduce the modified Hořava-Lifshitz F (R) theory which is more general than the model of ref. [5] . Nevertheless, its spatially-flat FRW cosmology turns out to be the same as for the model [5] (this is not the case for BH solutions, etc). Therefore it also coincides with the conventional F (R) spatially-flat cosmology for a specific choice of the parameters. The ultraviolet structure of the new Hořava-Lifshitz F (R) gravity is carefully investigated. It is shown that such models can have very nice ultraviolet behaviour at z = 2. Moreover, for z = 3 a big class of renormalizable models is suggested (section II). The Hamiltonian analysis of the modified Hořava-Lifshitz F (R) gravity is presented in section IV. The fixed gauge modified Hořava-Lifshitz F (R) gravity is analyzed in section V.
Section VI is devoted to the investigation of spatially-flat FRW cosmology for power-law F (R) gravity. The general equation for the de Sitter solutions is obtained. It acquires an extremely simple form for a special choice of parameters, when de Sitter solutions are roots of the equation F = 0. The existence of multiple de Sitter solutions indicates the principal possibility of attaining the unification of the early-time inflation with the late-time acceleration in the modified Hořava-Lifshitz F (R) gravity. The reconstruction technique is developed for the study of analytical and accelerating FRW cosmologies in power-law models. A number of explicit analytical solutions are presented. It is shown by explicit examples that some of the quintessence/phantom-like cosmologies may develop the future finite-time singularity of all the known four types, precisely in the same way as for traditional dark energy models. The possible curing of such singularities could be achieved in a similar way as in the case of traditional modified gravity. Some remarks about small corrections to the Newton law are made in section VII. A summary and outlook are given in the last section VIII. In the appendix A we propose a covariant F (R) gravity that is quite similar to the corresponding Hořava-Lifshitz version but remains to be a covariant theory. It seems that it could also be made renormalizable.
II. GENERAL ACTION FOR HOŘAVA-LIFSHITZ-LIKE GRAVITY AND RENORMALIZABILITY
In this section we propose the essentially most general Hořava-Lifshitz-like gravity action, which does not contain derivatives with respect to the time coordinate higher than the second order. Its ultraviolet properties are discussed.
By using the ADM decomposition [6] (for reviews and mathematical background, see [7] ), one can write the metric of space-time in the following form:
Here N is called the lapse variable and N i is the shift 3-vector. Then the scalar curvature R has the following form:
Here R (3) is the three-dimensional scalar curvature defined by the metric g (3) ij and K ij is the extrinsic curvature defined by
ij − ∇ (3) i N j − ∇ (3) 
n µ is the unit vector perpendicular to the three-dimensional space-like hypersurface Σ t defined by t = constant and ∇ (3) i is the covariant derivative on the hypersurface Σ t . From the determinant of the metric (1) one obtains √ −g = g (3) N .
For general Hořava-Lifshitz-like gravity models, we do not require the full diffeomorphism-invariance, but only invariance under "foliation-preserving" diffeomorphisms:
Therefore, there are many invariants or covariant quantities made from the metric, in particular K, K ij , ∇
i K jk , · · · , ∇ (3) i1 ∇ (3) i2 · · · ∇ (3) in K jk , · · · , R (3) , R
ij , R
ijkl , ∇
i R (3) jklm , · · · , ∇
Then the general consistent action composed of invariants that are constructed from such covariant quantities,
could be a rather general action for the generalized Hořava-Lifshitz gravity. Note that one can also include the (cosmological) constant in the above action. Here it has been assumed that the action does not contain derivatives higher than the second order with respect to the time coordinate t. In the usual F (R) gravity, there appears the extra scalar mode, since the equations given by the variation over the metric tensor contain the fourth derivative. By assuming that the action does not contain derivatives higher than the second order with respect to the time coordinate t, we can avoid more extra modes in addition to the only one scalar mode which appears in the usual F (R) gravity. For example, if we consider the action containing the terms like
the equations given by the variation over the metric tensor contain the fifth or higher derivatives (for a review of Hamiltonian structure of higher derivative modified gravity, see [8] ). If we define new fields recursively
the equations can be rewritten so that only second derivatives appear. The scalar fields in (7), however, often become ghost fields that generate states of negative norm. Thus, we only consider actions of the form given by (5) in this paper.
In the Hořava-Lifshitz-type gravity, we assume that N can only depend on the time coordinate t, which is called the projectability condition. The reason is that the Hořava-Lifshitz gravity does not have the full diffeomorphisminvariance, but is invariant only under the foliation-preserving diffeomorphisms (4) . If N depended on the spatial coordinates, we could not fix N to be unity (N = 1) by using the foliation-preserving diffeomorphisms. Moreover, there are strong reasons to suspect that the non-projectable version of the Hořava-Lifshitz gravity is generally inconsistent [9] . Therefore we prefer to assume that N is projectable.
In the FRW space-time with the flat spatial part and the non-trivial lapse N (t),
we find
where H =ȧ a is the Hubble parameter. Then one gets
and since F must be a scalar under the spatial rotation, the action (5) reduces to
Therefore, if we consider the FRW cosmology, the function F should depend on only two variables, H N and
As a specific example of the above general theory, we may consider the following modified Hořava-Lifshitz F (R) gravity, whose action is given by
Here λ and µ are constants and L
R is a function of the three-dimensional metric g
ij and the covariant derivatives ∇ (3) i defined by this metric. Note that this action (12) is more general than the one introduced in ref. [5] due to the presence of the last term inR. We normalize F (R) or redefine κ 2 so that
In [3] , L
R is chosen to be
where G ijkl is the "generalized De Witt metric" or "super-metric" ("metric of the space of metric"),
defined on the three-dimensional hypersurface Σ t . E ij can be defined by the so called detailed balance condition by using an action W [g (3) kl ] on the hypersurface Σ t
kl ] δg
and the inverse of G ijkl is written as
The action W [g (3) kl ] is assumed to be defined by the metric and the covariant derivatives on the hypersurface Σ t . There is an anisotropy between space and time in the Hořava-Lifshitz gravity. In the ultraviolet (high energy) region, the time coordinate and the spatial coordinates are assumed to behave as
under the scale transformation. In [3] , W [g
kl ] is explicitly given for the case z = 2,
and for the case z = 3,
where
Here κ W in (19) is a coupling constant of dimension −1/2 and w 2 in (20) is a dimensionless coupling constant. A general E ij consist of all contributions to W up to the chosen value z. The original motivation for the detailed balance condition is its ability to simplify the quantum behaviour and renormalization properties of theories that respect it. Otherwise there is no a priori physical reason to restrict L (3) R to be defined by (14) . In the following we abandon the detailed balance condition and consider L (3) R to have a more general form, since it is not always relevant even for the renomalizability problem.
We now investigate the renormalizability and the unitarity of the model (12) . For this purpose, by introducing an auxiliary field A, we rewrite the action (12) in the following form:
For simplicity, the following gauge condition is used:
Then one finds
lk,j + g
jl,k − g
jk,l , other components of Γ
and therefore
We define a new field by
which can be algebraically solved as A = A(ϕ), so that
The spatial metric is redefined as
Then the action (22) has the following form:
If we insert ϕ = 1 into the action (29) , the standard Hořava-Lifshitz gravity emerges. On the other hand, if we choose
ϕ decouples withġ (3) ij . When the decoupling (31) is assumed and
ϕ becomes canonical and the theory becomes unitary. In the case
theφ 2 term vanishes and therefore ϕ becomes non-dynamical, i.e. an auxiliary field. Eq. (31) tells that µ = 0 when λ = 1/3.
In order to clarify the renormalizabilty issue, we need to explicitly construct L (3) R g (3) ij in (12) . As a model corresponding to z = 2 in (18), which is still not renormalizable, we may propose
where c 2 and α are constants. Since the action (34) induces the higher derivative terms to contribute to the propagators and therefore the propagators behave as 1/ |k| 4 in the high energy region, the ultraviolet behavior is improved, although the theory still is not renormalizable. By the scale transformation (28) , the curvatures are transformed as
HereR
i , and△ (3) are the Ricci curvature, the scalar curvature, the covariant derivative, and the Laplacian defined by the metricḡ
ij , respectively. Then if we consider the perturbation from the flat background, where ϕ ∼ 0 due to (13) ,ḡ
Therefore if one chooses
ϕ decouples withh (3) ij . Eq. (37) shows that the propagators of ϕ andh (3) ij behave as 1/ |k| 4 in the high energy region, so that the ultraviolet behavior is improved. Similarly, a model corresponding to z = 3 in (18), which could be power-counting renormalizable, can be obtained by choosing
.
For the z = 3 model, the dimension of ϕ vanishes and therefore all the interactions inL
ij , ϕ and V (ϕ) in (29) become power-counting renormalizable. The propagators of ϕ andh (3) ij behave as 1/ |k| 6 in the high energy region, so that the ultraviolet behavior is improved to be renormalizable. We have shown that by requiring (31) and (38) , the scalar field decouples with the gravity modes in the Einstein frame. The decoupling itself is not directly related with the renormalizability, but the decoupling makes it much easier to discuss the renormalizability of the model. The choice (39) for L (3) R gives the renormalizable model. The renormalizability does not essentially depend on the functional form of F (R).
III. HAMILTONIAN ANALYSIS OF THE GENERAL ACTION IN THE FRW SPACE-TIME
Let us analyze the proposed general action (11) of the FRW space-time (8) with the flat spatial part and the non-trivial lapse N = N (t). Introducing four auxiliary variables α, A, β, B enables us to write the action (11) as
The variations of the action (40) with respect to α and β yield
respectively. Integration by parts permits the removal of the second-order time derivative of a and the time derivative of N , assuming the boundary terms vanish, but with the price that β becomes a dynamical variable. Thus the action (40) can be written as
The action (42) is equivalent to (40) and consequently to the original action (11) . The advantage of the action (42) over (11) is the simpler dependence on the variables a and N , which will be crucially important in the following Hamiltonian analysis.
For the Hamiltonian analysis of constrained systems and their quantization we refer to the monographs [10] [11] [12] [13] .
In the Hamiltonian formalism the generalized coordinates g (3) ij , N , α, A, β and B of the action (42) have the canonically conjugated momenta π ij , π N , π α , π A , π β and π B , respectively. We consider N to be projectable, N = N (t), and therefore also the momentum π N = π N (t) is constant on the hypersurface Σ t for each t. The Poisson brackets are postulated in the form (equal time t is understood)
with all the other Poisson brackets vanishing. We are considering the FRW metric (8) with the flat spatial part g
ij = a 2 δ ij and therefore the Poisson bracket for the scale factor a and the momenta conjugate to the 3-metric takes the form
Let us find the momenta and the primary constraints. The action (42) does not depend on the time derivative of N , α, A or B. Thus we have the primary constraints
The momenta conjugated to β and g (3) ij are
respectively. The "velocities"β andġ (3) ij can be solved in terms of the canonical variables, so there are no more primary constraints. Then we define the Hamiltonian
where the Lagrangian L is defined by (42) , S gHL = dtL, and the so-called Hamiltonian constraint is found to be
The primary constraints (45) can be included into the Hamiltonian (48) by using the Lagrange multipliers λ k , k = 1, 2, 3, 4. We define the total Hamiltonian by
Note that there is no space integral over the product λ 1 Φ 1 = λ 1 π N , since these variables depend only on the time coordinate t. The consistency of the system requires that every constraint has to be preserved under time evolution. Since the Poisson brackets of the primary constraints (45) are zero,
the time evolution of the primary constraints is determined by the Hamiltonian H alonė
Thus the following time derivatives of the primary constraints have to vanish:
Since none of these expressions (53) vanish due to the primary constraints (45), we must impose the secondary constraints:
Here the position argument x has been omitted in the right-hand side of the local constraints. Note that neither N or a can be constrained to vanish, since they are the essential physical quantities in this theory. Here the actual Hamiltonian constraint Φ 0 is global due to the projectability condition, N = N (t). Note that the Hamiltonian (48) is simply this constraint multiplied by N , i.e.
Also the secondary constraints (54) have to be preserved under time evolution. The time evolution of the secondary constraints isΦ
where we have used (55) and the fact that none of the constraints Φ j , j = 1, 2, . . . , 7, 0 depend on the lapse N , and that the secondary constraints (54) do not depend on π N . For the global Hamiltonian constraint Φ 0 we find the following Poisson brackets with the primary constraints (45)
which all vanish due to the other secondary constraints. Thus, according to (56) and (57), the Hamiltonian constraint Φ 0 is preserved under time evolution,Φ 0 ≈ 0. For the secondary constraint Φ 5 we obtain the non-vanishing Poisson brackets with the primary constraints (45) and the Hamiltonian constraint Φ 0
For the next secondary constraint Φ 6 we obtain the non-vanishing Poisson brackets
For the last secondary constraint Φ 7 we obtain the non-vanishing Poisson brackets
Inserting all these Poisson brackets into (56) gives the tertiary constraintṡ
We assume that all the second partial derivatives of F (A, B) do not vanish. 1 In this case the equations (61)- (63) are restrictions on the Lagrange multipliers, constituting an inhomogeneous linear equation for the unknown multipliers 1 This is the case for example in the modified Hořava-Lifshitz gravity model F (R) ∝R + bR 2 discussed in [5] that corresponds to
so that we would have
Since the homogeneous part of this equation has only the null solution λ 2 = λ 3 = λ 4 = 0, the most general solution is the solution of the inhomogeneous equation:
The multiplier λ 1 is arbitrary, as is the non-dynamical variable N that also is a multiplier in the Hamiltonian (50) with (55). The total Hamiltonian (50) can be written as a sum of two first-class constraints multiplied by the two arbitrary time-dependent multipliers N and λ 1 :
where we have defined the first-class Hamiltonian constraint by
with the fields u n (n = 2, 3, 4) given by (64). It is easy to see that Φ 1 = π N is first-class, since it clearly has a vanishing Poisson bracket with every constraint. From (52) and (56) we see that the sum of constraints H 0 is firstclass by construction. Note that (66) is a combination of secondary and primary constraints. Usually a secondary first-class constraint would require us to define an extended Hamiltonian where the constraint would be added with an additional arbitrary multiplier. In this case, however, that would only lead to a redefinition of the multiplier N , and such a change 'N → N + an arbitrary function of time' does not bring anything new to the description. As always, the first-class constraints are associated with the gauge symmetries of the system [16] . The first-class constraints H 0 and Φ 1 generate the (gauge) transformations that do not change the physical state of the system. The constraints
form the set of second-class constraints of the system. 2 For details on the classification and representation of second-class constraints, one can see [17] . The Poisson brackets of the second-class constraints define the matrix:
and we denote
This matrix has the inverse
which satisfies
Now it is possible to impose the second-class constraints χ k by replacing the Poisson bracket with the Dirac bracket. For any two functions or functionals f and h of the canonical variables, the Dirac bracket is defined by
The Dirac bracket takes fully into account how the second-class constraints impose relations between the canonical variables. Therefore it enables us to set these constraints to vanish strongly, χ k (x) = 0. So we have the identities
and
When the function F is known, from (75) we can solve the variable B in terms of β and
Then α can be solved:
Introducing these strong constraints into the Hamiltonian gives
The first-class Hamiltonian (66) reduces to H 0 = Φ 0 and the total Hamiltonian becomes
The canonical variables are N, π N , g
ij , π ij , β, π β . In other words α, A, B and their conjugated momenta have been eliminated.
In order to obtain the equations of motion,
for the canonical variables we have to work out all the Dirac brackets (73) between the variables. We find that the Dirac bracket (73) reduces to the Poisson bracket (43) for all the canonical variables N, π N , g
ij , π ij , β, π β , and consequently for any functions of these variables. In the first pair of variables, N is quite arbitrary and π N does not evolve due to the equations of motion:
where as before λ 1 is an abitrary function of time. For the spatial metric we geṫ
Hence we need π β in order to get a(t). This reveals that π β does not depend on the spatial coordinate x, because both a and N depend only on the time coordinate t. For the conjugated momenta we obtain the equations of motioṅ
where the arguments ofB are omitted for brevity,B ≡B(β, A) =B β, π β 3a 3 , as will be in the next equation. For the variable β we obtain the equation of motioṅ
For its conjugated momentum π β we obtain the equation of motioṅ
Further progress in the study of dynamics practically requires one to specify the form of the function F , and then solve (76) from (75). We can conclude that when the second partial derivatives (69) of the function F are non-zero, the proposed general action (11) defines a consistent constrained theory. Let us then briefly consider the cases when some of the second partial derivatives (69) of the function F are zero. In such cases the tertiary constraints (61)- (63) are no longer mere restrictions on the Lagrange multipliers, but in addition impose constraints on the canonical variables. As an example we consider the case when F B 2 = 0 and F A 2 = 0, F AB = 0. Then we obtain the tertiary constraint
and solve two of the Lagrange multipliers, say λ 3 and λ 4 :
where the third multiplier λ 2 is arbitrary. The consistency conditionΦ 8 ≈ 0 of the tertiary constraint Φ 8 imposes a quartic constraint on the canonical variables, becauseΦ 8 turns out to be independent of the Lagrange multiplier λ 2 and non-vanishing due to the constraints established so far. Further constraints may follow from the consistency condition of the quartic constraint. This has to be checked explicitly after choosing the form of the function F . These additional constraints are a serious threat to the viability and consistency of the action, since they may delete the physical degrees of freedom. In case we also have F AB = 0, we would solve the Lagrange multipliers λ 2 , λ 3 from (61)- (63) and obtain a tertiary constraint that restricts the field β to be a constant,β ≈ 0. Thus in the latter case we should not have introduced the auxiliary fields β and B in the first place, since F in the action is already linear in its second argument. We do not discuss the case F A 2 = 0, because it appears to have very little if any practical application.
As a specific example of the above general theory, one can consider the FRW cosmology in the modified Hořava-Lifshitz F (R) gravity studied in [5] and its further generalization considered in the present work, as action (12) . However, this analysis can be used to study FRW cosmology in any theory with an action of the general form (5) . Moreover, the methods presented in this section can be used to analyze any action of the form (5) in a general way, without assuming any particular space-time. The proposed modified Hořava-Lifshitz F (R) gravity will be studied in the next section.
IV. HAMILTONIAN ANALYSIS OF THE F (R) GRAVITY
Let us then consider the Hamiltonian analysis of the proposed action (12) for the modified Hořava-Lifshitz F (R) gravity. The analysis is similar with the Hamiltonian analysis presented in ref. [5] , where a special case of this theory given by the choice (14) was proposed (see also the analysis of ref. [14] ). This special case with the further restriction to the parameter value µ = 0 has been proposed and analyzed in ref. [15] . In this section we generalize the analysis of ref. [5] .
By introducing two auxiliary fields A and B we can write the action (12) into a form that is linear inR:
Then we can writeR asR
Introducing (90) into (89) and performing integrations by parts yields the action
where the integral is taken over the union U of the t = constant hypersurfaces Σ t with t over some interval in R. We assume that the boundary integrals on ∂U and ∂Σ t vanish. The difference compared to the action studied in ref. [5] is that the potential part L
R (g
ij ) may have any form that satisfies the correct scaling property under (18) . In other words it is not necessarily defined by (14) and the detailed balance condition (16) . However, due to the projectability condition N = N (t) the specific form of the L (3)
ij ) has very little effect on our analysis. Indeed the analysis of ref. [5] is translated to the present more general case by making the replacement (14) from rhs to lhs. Therefore we only present the main points of the generalized analysis.
In the Hamiltonian formalism the field variables g ij , N , N i , A and B have the canonically conjugated momenta π ij , π N , π i , π A and π B , respectively. For the spatial metric and the field B we have the momenta
We assume µ = 0 so that the momentum (93) does not vanish. Because the action does not depend on the time derivative of N , N i or A, the rest of the momenta form the set of primary constraints:
Due to the projectability condition also the momentum is constant on Σ t for each t, π N = π N (t). Then the Hamiltonian is calculated
where the so-called Hamiltonian constraint and the momentum constraints are
ik g
jl
j B ,
respectively. We define the total Hamiltonian by
where the primary constraints (94) are multiplied by the Lagrange multipliers λ N , λ i , λ A . The primary constraints (94) have to be preserved under time evolution of the system. Therefore we impose the secondary constraints:
Here the Hamiltonian constraint Φ 0 is global and the other two, the momentum constraint Φ i S (x) and the constraint Φ A (x), are local. It is convenient to introduce a globalised version of the momentum constraints:
where ξ i , i = 1, 2, 3 are arbitrary smearing functions. It can be shown that the momentum constraints Φ S (ξ i ) generate the spatial diffeomorphisms for the canonical variables B, π B , g
ij , π ij , and consequently for any function or functional constructed from these variables, and treats the variables A, π A as constants.
The consistency of the system requires that also the secondary constraints Φ 0 , Φ S (ξ i ) and Φ A (x) have to be preserved under time evolution defined by the total Hamiltonian (97), which can be written in terms of the constraints as
The Poisson brackets for the constraints Φ 0 and Φ S (ξ i ) are
For the constraints π A and Φ A (x) the Poisson brackets that do not vanish strongly are:
Since F ′′ (A) = 0 would essentially reproduce the original projectable Hořava-Lifshitz gravity, we assume that F ′′ (A) = 0. The constraint Φ A (x) can be made consistent by fixing the Lagrange multiplier λ A :
Now all the constraints of the system are consistent under dynamics. According to the Poisson brackets (101)- (102) between the constraints, we can set the second-class constraints π A (x) and Φ A (x) to vanish strongly, and as a result turn the Hamiltonian constraint Φ 0 and the momentum constraint Φ S (ξ i ) into first-class constraints, by replacing the Poisson bracket with the Dirac bracket. It turns out that the the Dirac bracket reduces to the Poisson bracket for any functions of the canonical variables. Assuming we can solve the constraint Φ A (x) = 0, i.e. B = F ′ (A), for A =Ã(B), whereÃ is the inverse of the function F ′ , we can eliminate the variables A and π A . Thus the final variables of the system are g
ij , π ij , B, π B . The lapse N and the shift vector N i , together with λ N and λ i , are non-dynamical multipliers. Finally the total Hamiltonian is the sum of the first-class constraints
We conclude that also the proposed action (12) of the more general modified Hořava-Lifshitz F (R) gravity defines a consistent constrained theory when the projectability condition is postulated. For additional details and discussion on the analysis see ref. [5] .
V. HAMILTONIAN ANALYSIS OF THE F (R) GRAVITY IN FIXED GAUGE
Let us then analyze the action (12) when the gauge is fixed by (23), and we obtain the action (29) . First we find the momenta canonically conjugated to the generalized coordinatesḡ (3) ij and ϕ of the action (29) . For the fields ϕ and g (3) ij we find the momenta (3)jlġ (3) kl − λḡ
respectively.
In the following analysis we will first assume
so that the kinetic term for ϕ does not vanish. Later we will consider the special cases where these conditions do not hold. First we solveφ from (105),φ
and introduce it into (106)
Then we find the velocities in terms of the coordinates and momenta. First we contract (109) byḡ (3) ij and solve for
This is inserted back into (109) as well as into (108), which enables us to obtain the velocities in terms of the canonical variables:φ = 4κ
Thus there are no primary constraints. It is expected that there are no first-class constraints, since the gauge has been completely fixed by setting N = 1, N i = 0. Due to the non-vanishing kinetic terms of ϕ, there are no second-class constraints either. The Hamiltonian is defined by
After a lengthy algebra exercise we find
In fact we find that the Hamiltonian (114) is correct for any parameters λ and µ as long as it is defined, i.e. when µ = 0. This can be seen by considering the two cases when the kinetic cross-term vanishes (φ andġ (3) ij decouple), 1 − 3λ + 3µ = 0, µ = 0, and when the kineticφ 2 term vanishes, 1 − 3λ + 6µ = 0, µ = 0, separately. Even the formulas (111)-(112) hold in these cases, thought the details of their calculation are quite diferent. Note that the vanishing of the both kinetic terms of ϕ implies µ = 0 and λ = 1/3.
The Poisson bracket is postulated by (equal time t is understood)
with all the other Poisson brackets vanishing. Now we can work out the Hamiltonian equations of motion. Because there are no constraints, the Hamiltonian (114) defines the dynamics of any function or functional f of the variables g
ij ,π ij , ϕ, π ϕ by:ḟ = {f, H} .
For the generalized coordinatesḡ (3) ij and ϕ we obtain the equations of motion (112) and (111) respectively. For the momentaπ ij we obtaiṅ
kl , ϕ ∂ḡ
where we have introduced the constants:
The equation of motion for π ϕ isπ
where the last term is obtained from the derivative of V (ϕ) from (30) dV (
Here we have also used the definition (26) of ϕ and (27) of A(ϕ) to calculate
In particular, the equations of motion (117) for the momentaπ ij are pretty complex. However, as always, they are first order differential equations.
The cases with µ = 0 are less interesting and we only consider them briefly. When λ = 1/3 the field ϕ is nondynamical and hence one has the primary constraint π ϕ ≈ 0. The momenta conjugate to g (3) ij are given bȳ (3)jlġ (3) kl − 1 3ḡ
It has zero traceḡ (3) ijπ ij = 0 and can be trivially solved forġ
kl . When λ = 1/3, one is forced to impose the constraint π β = −ḡ (3) ijπ ij ≈ 0 that again leads to (122) and makes ϕ non-dynamical.
VI. FRW COSMOLOGY IN POWER-LIKE MODELS: COSMIC ACCELERATION AND FUTURE SINGULARITIES
We now consider the FRW cosmology of the action (12) . In the spatially-flat FRW space-time (8), since the spatial curvature vanishes, R
R , as it vanishes according to (34) or (39) . In other words, the choice of L (34) or (39) gives the same FRW cosmology. Of course, this situation changes when one considers black holes or other solutions with non-trivial dependence on the spatial coordinates.
Let us first review the spatially-flat FRW equations obtained in ref. [5] . Varying the action (12) with respect to g (3) ij and setting N = 1 one obtains:
where F ′ denotes the derivative of F with respect to its argument. Here, the matter contribution (the pressure p) is included. On the other hand, the variation over N gives the global constraint:
after setting N = 1. Here ρ is the energy density of matter and we have set again N = 1. It is important to stress that, because of the projectability condition N = N (t), the above equation is a global constraint. If the standard conservation law is used,
Eq. (123) can be integrated to give:
Here C is the integration constant and can be set to zero. In [19] , however, it has been claimed that C does not necessarily need to vanish in a local region, since (124) needs to be satisfied only in the whole universe. In this sense in a limited region, one can have C > 0 and the Ca −3 term in (126) can be regarded as dark matter. Note that Eq. (126) corresponds to the first FRW equation and (123) to the second one. Specifically, if we choose λ = µ = 1 and C = 0, Eq. (126) reduces to
which is identical to the corresponding equation in the standard F (R) gravity (see Eq. (2) in [20] where a reconstruction of the theory has been made). In the following we will explore the properties of the equations (123) and (126), especially looking for solutions that represent accelerated expansion. Solutions of this type are very important because they represent the key evolutionary phases of the universe, namely the inflationary era and the dark energy era. The connection with dark energy is particularly important to understand, if the Newtonian nature of the quantum theory of gravitation, implicit in Hořava-Lifschitz gravity, is the direct cause of cosmic acceleration and, as a consequence, of dark energy.
A. de Sitter cosmology
Let us investigate the properties of the de Sitter solutions in this class of theories. This issue was considered for the first time in [5] , but in the following a more general treatment is given. These solutions are of great importance in cosmology because they have the potential to describe both inflationary phase(s) as well as dark energy era(s). In standard F (R) gravity it has been proven that it is possible to construct a viable model unifying inflation and late time acceleration in the form of double or multiple de Sitter solution [21] [22] [23] [24] .
In vacuum (ρ m , p m = 0) and substituting the de Sitter metric
the equations (123) and (126) reduce to the single equation
In Table I we show the values of the time constant γ of the de Sitter metric of some popular F (R) theories and their Hořava-Lifshitz versions. It is interesting to note that, in contrast to what happens in standard F (R) gravity, the quadratic function F =R m is not degenerate for m = 2, but only for
i.e. it depends on the Lorentz-violation parameters. It is also interesting to note that in general the solution of (123) and (126) is not unique. Thus a given theory can have multiple de Sitter solutions. This means that also in this case the cosmologies of these theories can admit both inflation and dark energy phases. However, since the Hořava-Lifshitz parameters are in principle only present in the coefficients of the equation (130) and the number of solutions of (130) is determined by the powers ofR appearing in F , two corresponding theories will have in general the same number of de Sitter solutions. Obvious exceptions are the case 3λ − 3µ − 1 = 0 for which the Eq. (130) becomes F = 0 and the case 3λ − 3µ − 1 = g(γ).
In the first case, we see that the structure of the cosmological equations is essentially changed. In particular, the equation (123) is modified and the constraint (126) looses the linear H 2 term:
(we have considered C = 0). Consequently, the equation (130) 
which is never obtained in the standard F (R) gravity. In the second case, instead, the choice of the function g can radically change the number and type of solutions in these theories. In this sense, the solution space for Hořava-Lifshitz F (R) gravity can be considered bigger than the one of its standard counterpart. Such a fact will be even more apparent in the case of the FRW-type solutions that will be examined in the next section. For the more complex forms of F (R) an implicit equation has to be solved for the time parameter γ in order to find its values.
Function F Standard Case Hořava-Lifshitz case
B. Power law solutions and reconstruction technique
In addition to the de Sitter solution described above one can also look for accelerated expansion phases in the form of power law solutions. These solution can have a double value as Friedmannian cosmologies, if the exponent of the power law is in the interval ]0, 1[, and they can realize the so-called "power law inflation", or a "power law dark energy", if the exponent is bigger than one.
If we look for the presence of Friedmann solutions of (123) and (126), we realize quickly that, as in F (R) gravity, there is little chance to find power law solutions, unless one considers a function F of trivial form. However, due to the additional parameters, the set of solutions of this type is bigger in the Hořava-Lifshitz case than in the standard one. For example, in the simple case F (R) =R + χR m we find that, in the presence of a barotropic fluid (p = wρ), the spatially-flat solution
satisfies (123) and (126) if
, and ρ 0 = 4 (3λ − 1)
This corresponds to the standard Friedmann solution. It is well known that in standard F (R) theories, the case F (R) = R + χR m possesses only power law solutions of the type a = a 0 t or a = a 0 t 1/2 (see e.g. [25] ).
In order to facilitate the analysis in the next sections, we consider also some solutions for this model in the case of very small and very large scalar curvature. In the first case, the theory reduces itself to GR plus a cosmological constant and its solutions are approximated by the Friedmann ones. In the case of high curvature, instead, the theory reduces to F (R) ≈R n . Such a theory possesses three exact solutions. The first two
correspond to the solutions in the standard F (R) case. A third solution, that is valid only for m > 1, is
which is characteristic of Hořava-Lifshitz gravity and does not depend on m. In the analysis of the singularities of this simple model, we will refer to these solutions. Note that as it often happens [26] in theories of this type, the value of ρ 0 can be negative (or even undefined) for certain combinations of variables. This implies that matter is not always compatible with F (R) gravity, not even in the Hořava-Lifshitz case. In our specific example ρ 0 > 0 implies
Another result which will be useful for our purposes is an exact solution for the theory F (R) =R + ξR 2 + χR m . For m > 2, this solution reads
This solution is obviously present only in the Hořava-Lifshitz version of this theory, as one can check directly.
One of the most important methods used to investigate power law solutions in higher order gravity is the reconstruction of a theory starting from a specific background. In the following we will adapt this technique to reconstruct the form of the function F (R) that admits flat FRW power law solutions [20, [27] [28] [29] [30] [31] .
Let us then consider a cosmological solution characterized by the Hubble parameter
and again assuming the energy density of a barotropic fluid
In this case the Ricci scalar isR
so that we can express the time t as a function ofR. Substituting (145) and (146) into (123) and (126) and expressing t in terms ofR, one obtains
with
These equations admit the solution
Note that the coefficients α are real only for
which is satisfied for
Therefore also in the Hořava-Lifshitz case, the only type of function F that is able to generate analytical power law solutions is a combination of powers of the Ricci scalar. The connection between the equations (145) and (159) allows one to make some general considerations on the relation between the structure of the function F and the cosmology. If one plots the behavior of the exponents of (159) as a function of γ for various values of µ and λ (see figure 1) , one finds that there is a correlation between the existence of a specific type of solutions and the sign of the modes of the reconstructed theory. For example, if one chooses only positive values for the exponents of (159) in order to avoid instabilities, none of the permitted values of the parameters are able to generate a contracting solution. On the other hand, both a Friedmann expansion and a power law inflation regimes can be obtained if µ < 0 and λ < 6γµ+γ−2µ 3γ
or µ > 0 and λ > 6γµ+γ−2µ 3γ
. The behavior of the exponents of (159) is shown in Figure 1 for different values of the parameters.
As a final remark, it is interesting to note that the case F (R) = C 2R + C 3R m corresponds to the solution (136) via the reconstruction method. This conclusion confirms the correctness of this approach and its utility in the search for exact solutions.
C. Explicit model for the unification of inflation with dark energy
It is interesting to try to formulate an explicit model for the unification of early-time inflation with late-time acceleration. One may propose such a model, which may unify the inflation and the late-time acceleration. First we consider the case 3λ − 3µ − 1 = 0, which is specific in the Hořava-Lifshitz F (R) gravity. An example is
Here c 1 and c 2 are dimensionless positive constants. Then following (133), we find two de Sitter solutions
If one chooses c 1 ∼ 1/280, we find R L ∼ 10 −33 eV 2 , which may describe the accelerating expansion of the present universe. On the other hand, if c 2 ∼ O(1) − O(100), R = R I may express the inflation. In the general case 3λ − 3µ − 1 = 0, we may consider the following form of F (R):
Here R I , R L , R 1 , R 2 , and Λ are positive constants and we assume
Then, whenR ∼ R I , we find
such that f (R) plays the role of a large cosmological constant, which generates inflation. On the other hand, wheñ R ∼ R L , f (R) becomes a small constant, and the late time acceleration could be generated. Note that
therefore f (R) is not real cosmological constant. Hence, explicit construction of realistic models for the unification of the inflation with dark energy is possible. The remaining freedom in the choice of parameters gives the possibility to make the model quite satisfactory from the cosmological point of view.
D. Finite-time future singularities
The attempts of constructing accelerating cosmological models that include a dark component have revealed that such models often contain some unexpected phenomenology. One of the most striking features of dark energy cosmologies is that, regardless of the way in which the dark component is introduced, they can become singular. By "become singular" we intend that there exists a specific time t s in which one of more key quantities of the model becomes divergent. Some of these singularities, like the so-called "Big Rip" [32] , are realized only far in the future (i.e. t s >> 1). However, as it was recently pointed out [33, 34] , under special circumstances one can have quintessence-like cosmologies that present softer singularities at smaller finite time ("sudden singularities"). Although in pure GR cosmologies this pathological behavior can be cured by specifying, for example, the equation of state of the fluid, this is not the case in models that include dark fluids or in modified gravity. In fact, it has been proved that these theories can admit up to four different types of singularities at finite time [35] . In the following, we will analyze the presence of these singularities in Hořava-Lifshitz F (R) gravity using some specific examples.
Let us define the effective density and the effective pressure associated to the Hořava-Lifshitz F (R) gravity. We have
The different types of finite-time singularities can be classified by looking at the behavior of the quantities (171) plus the scale factor a, H and its derivatives. In particular, in [35] they are classified as
• Type I ("Big Rip") : For t → t s , a → ∞ and (ρ, |p|) → ∞ or ρ and |p| are finite;
• Type II ("sudden") : For t → t s , a → a s , ρ → ρ s and |p| → ∞;
• Type III : For t → t s , a → a s , ρ → ∞ and |p| → ∞;
• Type IV : For t → t s , a → a s (ρ, |p|) → constant (or zero) and higher derivatives of H diverge.
To classify the singularities in our case, let us consider the case of a vacuum spatially-flat cosmology, and let us imagine that close to the time t s the Hubble parameter can be written as
This means that the scale factor is
The above expression tells us that there are two possible behaviors of the scale factor that depend on the value of γ: if γ ≥ 1, a will diverge as t approaches t s while if γ < 1, a will converge. Therefore it is clear that the singularity of type I is realized when γ > 1, the others for γ < 1. The value of γ also influences the form of the Ricci scalar. In general, one has
but, depending on the value of γ, the above expression can be reduced tõ
This property of the curvature also indicates that for t → t s one has
i.e. the curvature may become divergent or very small depending on the value of γ. This property will turn out to be very useful for simplifying the calculations. Finally, because of the nature of the structure of the effective energy density and pressure, theories with the different types of singularities are associated directly with the values of γ. Specifically:
• Type I ⇒ γ > 1;
• Type II ⇒ −1 < γ < 0;
• Type III ⇒ 0 < γ < 1;
• Type IV ⇒ γ < −1.
Let us now consider some simple examples in the Hořava-Lifshitz F (R) gravity and their comparison with the standard case.
The case F (R) =R + χR m
In the case
substituting (172) and (175), one finds the necessary conditions for the presence of the singularities:
These are compatible with the solutions found in [34] . It is important to stress that the conditions (178) are only necessary for the existence of the singularity. The reason is that we have implicitly postulated that the solution (172) satisfies (123) and (126) at least in a specific time interval, which may not be the case due to the non-linearity of the theory. Then the only way to proceed is to find some exact solutions of the theory we are examining and see if the parameters have values for which the conditions (178) are satisfied. Unfortunately finding exact solutions in these theories can be problematic. However, close to the singularity one can solve this problem by using the fact that, as we have seen, the magnitude of the Ricci scalar also changes when t → t s . This means that we can approximate the function F with a simpler form that admits simple exact solutions. Then these solutions can be used to obtain necessary and sufficient conditions for the singularity to be realized.
In our simple example it is clear that one has
This means that we can approximate our F with R n in all the cases of interest and that we can use the exact solutions found in Section VI B in order to understand the presence of singularities. In particular, one sees that the solution (137) can present a singularity of Type I for
a singularity of Type II for
and a singularity of Type III for
This is very different from the standard case, where we have a singularity of Type I only for m > 2, and a Type III for 1 2 < m < 1 and m < 0. For the solution (136) we have a singularity of Type III when
For the new solution (138), which exists only in the Hořava-Lifshitz version of F (R) gravity, we have instead a singularity of Type I for
and a Type III for
The results above show clearly that the presence of singularities is deeply altered in the Hořava-Lifshitz version of F (R) gravity. In particular, it seems that the additional parameters make it much easier to realize the singularities. The intervals we have presented above for the parameters can then be interpreted as constraints on this type of Hořava-Lifshitz F (R) theories of gravity. Thus, we have demonstrated that modified Hořava-Lifshitz gravity has the phantom-like or quitessence-like accelerating cosmologies, which might lead to singularities of type I, II, or III.
Eliminating the singularities
Using conformal techniques, it was first argued in [36] that in the standard F (R) gravity the singularities of the type we have found can be cured, when additional powers of the Ricci scalar are added to the Lagrangian. We can then verify if something similar happens also in the Hořava-Lifshitz case. Let us therefore consider the case
The action of this theory contains a correction of orderR 2 and, in the standard case, it is able to cure the singularities of theories of the typeR + χR m . If one derives the necessary conditions for the presence of a singularity, one finds:
One can already see at this level that in this kind of theory singularities of Type II never occur. This can be interpreted as the fact that the correction R 2 is able to compensate for these terms. As said before, the conditions above are only necessary and the only way to actually determine if a singularity is present is to consider an exact solution of the theory and see if the conditions above can be satisfied by that solution. Let us consider then the solution (144) found in the previous section. Applying the conditions above one obtains that none of them is satisfied for this background. In other words, the addition of theR 2 term compensates for the singularities one would find in a similar background of (177). This supports the claim made in [36] that (188) is more regular than (177) and that in general the introduction of additional curvature invariants into the action can help in the curing of the singularities of an F (R) theory of gravity. On the other hand, it is also quite possible that the account of quantum gravity effects [37] may also cure the future singularities.
Summarizing, because of the additional parameters, the Hořava-Lifshitz version of F (R) gravity has a bigger space of de Sitter solutions compared to its standard counterpart. Using a simple theory and both a direct resolution of the cosmological equations and a reconstruction technique, we have also verified that this is true in the case of power law solutions. In general the presence of additional parameters also means that one has a bigger freedom in the choice of the features of these solutions, e.g. to see if it is possible to realize accelerated expansion. Therefore in these theories the realization of dark energy era (and inflation) is comparatively easier. This is interesting because it draws a direct connection between the Newtonian nature of quantum gravity and the observed behavior of the Universe. Unfortunately, the additional number of parameters also increases the probability that these cosmologies will become singular not only at t → ∞, but also at finite time. Using exact solutions, we have shown that there are many combinations of values of the parameters of the theory which are able to induce the appearance of singularities.
We have also verified, via a specific example, that adding an invariant of the type R 2 into the Lagrangian of a theory, one is able to obtain a theory whose solutions are much more regular. Consequently, also in the Hořava-Lifshitz case one can compensate such ill behavior of these models by the introduction of additional powers of the Ricci scalar into the action.
VII. CORRECTIONS TO THE NEWTON LAW
Let us now consider the possible corrections to the Newton law. For this purpose, we consider the infrared region where the higher derivative terms like (34) or (39) can be neglected and we find
The R (3) term can be added from the beginning or this term might be induced at the infrared fixed point [3] . Then by the transformation (28) , by using (35) and (30), in (29) , one gets
The usual Newton law can be generated through the exchange of the graviton. Furthermore by the exchange of the scalar field ϕ, extra force might be generated. Now we consider the case that
Here Λ eff is an effective cosmological constant. Then
In the solar system or on the earth, the second term in (193) is much smaller than unity, which corresponds to the first term. Hence, we find
Then since e ϕ ∼ 1, the effective mass m ϕ of ϕ is given by 
In the "realistic" model, c is chosen to be c = µ 2(n+1) and µ ∼ 10 −33 eV. On the other hand, we find A = R ∼ 10 −61 eV 2 in the solar system and A = R ∼ 10 −50 eV 2 on the earth. Thus, one finds m 2 ϕ ∼ 10 15n−56 eV 2 in the solar system and m 2 ϕ ∼ 10 48n−34 eV 2 . Hence, if n could be large enough, the mass of ϕ would become large and the Compton length would become small, so that the correction to the Newton law would not be observed.
VIII. DISCUSSION AND CONCLUSIONS
We have proposed a first-order modified Hořava-Lifshitz-like gravity action and studied its Hamiltonian structure. As a large explicit class of such models we considered the modified Hořava-Lifshitz F (R) gravity that is more general than the one introduced in ref. [5] , which for the special choice of parameter µ = 0 coincides with the degenerate model introduced in ref. [15] . Its ultraviolet properties are discussed and it is demonstrated that such F (R) gravity may be renormalizable for the case z = 3 in a similar way as the original proposal for Hořava-Lifshitz gravity. The Hamiltonian analysis of the proposed modified Hořava-Lifshitz F (R) gravity shows that this theory is generally consistent with reasonable assumptions. The F (R) gravity action has also been analyzed in the fixed gauge form, where the presence of the extra scalar is particularly illustrative. The methods presented in the Hamiltonian analyses of sections III and IV can be used to study any action of the general form (5) .
The spatially-flat FRW cosmology of the modified Hořava-Lifshitz F (R) gravity is studied. It is shown that it coincides with the one of the earlier model [5] , but only in the spatially-flat FRW case. For specific choice of the parameters of the theory, its FRW equations of motion coincide with the ones of the traditional F (R) gravity. The presence of the multiple de Sitter solutions shows the principal possibility of the unification of the early-time inflation with the late-time acceleration in the Hořava-Lifshitz background, which proves that it can have rich cosmological applications. The power-law theories are investigated in detail. A number of analytical FRW solutions is found, including the ones with behavior relevant for the early/late cosmic acceleration. The quintessence/phantom-like cosmologies derived in our work may show all the four possible types of finite-time future singularities like in the case of standard dark energy. The conditions to cure such future singularities are discussed in analogy with the traditional F (R) gravity. It is also interesting that the correction to the Newton law in the F (R) gravity under discussion can be made unobservably small. Finally, a covariant proposal for F (R) gravity in Hořava-Lifshitz spirit has been made.
Despite some successes in the formulation of modified Hořava-Lifshitz F (R) gravity which can be made renormalizable and in its cosmological applications, a number of unsolved questions remain. What is the appropriate way to introduce matter in the theory? Is the theory itself fundamental (or at least, fully consistent) or does it descend from another more fundamental proposal? Can it comply with all the local tests in the Solar system as well as with cosmological bounds? What is the dynamical scenario for the restoration of the Lorentz invariance at late times? What are the cosmological and astrophysical consequences of the first-order modified Hořava-Lifshitz gravity when compared with those of the traditional modified gravity [39] . Moreover, the traditional questions about the properties of black holes in such a theory can be straightforwardly investigated.
Nevertheless, even at the present stage some surprises can be expected from the theory. While the universe has likely undergone a perioid of inflation in its early moments, it is interesting to note that Hořava-Lifshitz gravity could produce cosmological perturbations that are almost scale-invariant even without inflation [40] .
Hořava-Lifshitz gravity has also been considered in the presence of scalar fields [41, 42] . In principle, it is possible to extend our Hořava-Lifshitz F (R) gravity by including its coupling with scalar fields.
We would also like to mention a recent paper [43] , where a new class of Lorentz-invariance breaking non-relativistic string theories, inspired by the Hořava-Lifshitz gravity, has been presented and analyzed.
Using the F (R) version of gravity one can propose even a more general formulation of string theory in the Hořava-Lifshitz background: for instance, rigid strings, membranes and p-branes, etc. On the other hand, it may suggest unusual solutions for the known cosmological problems. There also exists an attempt to explain the homogeneity of our universe in a model with varying speed of light [44] . Having in mind that in the ultraviolet region the speed of the Hořava-Lifshitz graviton changes, one may speculate that the homogeneity of the universe may be described without the need for inflation. In any case, such a theory is both theoretically and cosmologically rich and it deserves further study.
Appendix A: Proposal for a covariant F (R) gravity
In [38] , a new type of covariant Hořava-Lifshitz-like gravity has been proposed. The action is given, for z = 2 case
and for z = 3 case
and for z = 2n + 2 case,
Here T µν is the energy-momentum tensor of the perfect fluid with constant equation of state parameter w and the parameters β and γ are given by
Note that this fluid is not the standard matter fluid. It may have a stringy origin or it may be a kind of gravitational fluid. Hence, we may consider the following covariant Hořava-Lifshitz-like gravity:
The theories given by the action (A5) could be renormalizable when z ≥ 3. This may be demonstrated using the same arguments as in ref. [38] . This is a large class of covariant F (R) gravities whose ultraviolet properties are more similar to the ones of Hořava-Lifshitz-like gravity. However, in many respects their cosmology is similar to the cosmology of traditional modified theories of gravity [1] .
